We investigate an S = 1/2 two-leg spin ladder with a cyclic four-spin exchange interaction whose interaction constant is denoted by J 4 , by using the density matrix renormalization group method. The interchain and the intrachain interaction constant are denoted by J rung and J leg , respectively and assumed to be antiferromagnetic. It turns out that a spin gap between the singlet (S z tot = 0) and the triplet (S z tot = 1) states vanishes at J 4 /J leg ≃ 0.3 for J rung = J leg . This result is in contrast with the fact that the S = 1/2 antiferromagnetic Heisenberg ladder, that is the case of J rung = J leg , J 4 = 0, has a spin gap for all nonzero value of interchain interaction J rung > 0. We find a larger value of the correlation length for the spin-pair correlation function than a linear size L of the system at J 4 /J leg = 0.3 and J rung = J leg : the correlation length ξ is about 204 times of the lattice constant for L = 84 for these values of interactions. We also find that the string correlation function decays rather algebraically than exponentially at J 4 /J leg = 0.3 and J rung = J leg . These results suggest that there is a quantum phase transition at J 4 /J leg ≃ 0.3 for J rung = J leg . We estimate a phase boundary where the spin gap vanishes in a J 4 /J leg −J rung /J leg plane and obtain a consistent result with that by a perturbation theory for J rung /J leg > 1.
Introduction
In recent years, S = 1/2 two-leg spin ladders have attracted considerable interests from both experimental and theoretical points of view. The two-leg spin ladders are ideal models for quasi-one-dimensional materials such as SrCu 2 O 3 1,2 , for which a spin gap has been observed.
Dagotto et al. 3 and Rice et al. 4 suggested moreover that hole doping to the two-leg spin ladders brings the superconductivity. With respect to theoretical interest, Barnes et al. 5 suggested that the antiferromagnetic Heisenberg ladder with S = 1/2 spins (AFHL) as shown in Fig.1 has a spin gap for all nonzero values of interchain interactions J rung > 0.
The spin-pair correlation function of the AFHL decays exponentially, in contradiction to that of the S = 1/2 antiferromagnetic Heisenberg chain, which has a gapless spectrum and a power-law decay of the spin-pair correlation function. It is believed that the resonating valence bond (RVB) picture is valid for the ground state of the AFHL 4,9,10 .
We have another low-dimensional gapped system, that is the S = 1 Heisenberg (Haldane) (S i · S j ) 2 in addition to the usual Heisenberg Hamiltonian.
White 11 presented a numerical evidence for equivalence of the VBS (Haldane) state and the RVB state. This implies that the spin gap in both the Haldane chain and the AFHL is due to the same mechanism. Kolezhuk and Mikeska 12 also argued the equivalence of the S = 1
Haldane chain and an S = 1/2 ladder which includes biquadratic terms in addition to the usual bilinear terms. They used a method of the matrix-product (MP) wave functions in order to discuss exact ground states of these systems and obtained phase transition points where the spin gaps remain finite 13 .
For the S = 1/2 two-leg spin ladder, it has been suggested that frustration brings a phase boundary where the spin gap vanishes 14, 15 . The frustration is due to bilinear terms which consist of the next-nearest-neighbor spins in the ladder. It is known that a combination of bilinear and biquadratic terms can provide a cyclic four-spin exchange interaction 16, 17 , whose interaction constant is denoted by J 4 . Brehmer et al. 17 pointed out that a moderate value of J 4 for J rung = J leg is consistent with experimental observations [18] [19] [20] [21] . Furthermore they found that the cyclic four-spin exchange interaction reduces an amount of the spin gap substantially.
The purpose of the present study is to clarify an effect of the cyclic four-spin exchange interaction, which consists of bilinear and biquadratic terms of spin operators and gives a frustration on the ladder, on the quantum phase transition. We carry out the density matrix renormalization group (DMRG) method for the S = 1/2 two-leg spin ladder with the cyclic four-spin exchange interaction and investigate the spin gap between the singlet and the triplet states. We find that the spin gap vanishes at J 4 /J leg ≃ 0.3 for J rung = J leg , although we have finite spin gaps for J 4 /J leg < 0.3. Furthermore at J 4 /J leg = 0.3 for J rung = J leg we observe a larger value of the correlation length for the spin-pair correlation function than the system size L by assuming an exponential decay of the spin-pair correlation function. We also find that the string correlation function decays rather algebraically than exponentially at this point. Those results suggest that there is a quantum phase transition at this point. A phase boundary in the J 4 /J leg − J rung /J leg plane obtained in the present study is consistent with that obtained by a perturbation theory for J rung /J leg > 1 17 .
In section 2, we express the S = 1/2 two-leg spin ladder model with the cyclic four-spin exchange interaction. In section 3, we present our results by the DMRG method: we discuss the spin gap in subsection 3 A, the spin-pair correlation function in subsection 3 B, the string correlation function in subsection 3 C and the phase boundary in J 4 /J leg − J rung /J leg plane in subsection 3 D. In section 4, we give conclusions of the present study.
2. Two-leg spin ladder of S = 1/2 with a cyclic four-spin exchange interaction
The antiferromagnetic Heisenberg ladder of S = 1/2 (AFHL) is described by the following
Hamiltonian:
where S i,1 and S i,2 express the Pauli spin operators on chain 1 and 2, respectively. Those operators are shown by circles in Fig.1 . The intrachain and the interchain interaction constant are denoted by J leg and J rung , respectively, and are assumed to be antiferromagnetic:
They are shown by solid and broken lines in Fig.1 , respectively. We define a parameter a by the ratio of these interactions as follows:
The Hamiltonian with the cyclic four-spin exchange interaction is described as follows:
where P 4,i means a permutation operator of four spins. This operator expresses a cyclic permutation of four spins clockwise: Fig.2 ).
The inverse operator P −1 4,i expresses the permutation of those four spins counterclockwise.
The sum of these permutation operators is expressed by a sum of spin operators as follows:
In this way, the sum of the permutation operators is expressed by a combination of bilinear terms and biquadratic terms of intrachain spins and interchain spins.
Results by the DMRG method
In the present study, we use the infinite system algorithm of the DMRG method. All of the data calculated in the present study are obtained by using the open boundary conditions.
By dividing the present section into 4 subsections, we present our results as for the spin gap, the correlation length of spin-pair correlation function, the string correlation function and the phase diagram in turn.
A. The spin gap
We define the spin gap as follows:
where E 0 (L, 0) and E 0 (L, 1) are the lowest energies for which the total value of z-component We estimate the value of the spin gap in the thermodynamic limit L → ∞ using the values for m = 128. In this extrapolation, the values for 10 ≤ L ≤ 84 are used in order to avoid the effect of small system size; we obtain the spin gap ∆(∞)/J leg ≃ 0.102.
In Fig.4 , we show the extrapolated values of the spin gap ∆(∞)/J leg for J 4 /J leg = 0 as a function of a. The case of a = 1 and J 4 /J leg = 0 corresponds to the AFHL with J rung = J leg .
On the other hand, the case of a = 0 corresponds to two independent chains since there is no interchain interaction. We do not find a gapless region for a > 0. The present result by the DMRG method is consistent with the assertion given by Barnes et al. 5 . In the standard analysis of experimental data for neutron scattering, nuclear magnetic resonance(NMR) and nuclear quadrupole resonance (NQR) [18] [19] [20] [21] , a ∼ 0.5 is expected by assuming J 4 = 0. We We show the value of spin gap as a function of J 4 /J leg for a = 1 in Fig.7 . As the value of J 4 /J leg increases, the value of spin gap decreases gradually. We notice that the spin gap has very small values in the region J 4 /J leg > ∼ 0.2 and becomes zero near J 4 /J leg ∼ 0.3.
where η means the critical exponent for the correlation function. Inset of Fig.9 Next, we show the spin-pair correlation function for J 4 /J leg = 0.3 and a = 1 in Fig.10 .
We have obtained a quite large value for the correlation length, that is ξ = 203.6,by assuming the exponential decay (6) where the ESS is 0.0058. By using the form (7), we obtain 0.0045 for the ESS with η = 0.242. Then, there is a possibility that the spin-pair correlation function decays in the power-law in this case. These results are consistent with the result that there is no spin gap for this value of J 4 /J leg . We notice that the value of η ∼ Fig.13(a) and Fig.13(b) , we find that a line in Fig.13(b) approximates to a straight line better than that in Fig.13(a) . Hence, the string correlation function decays algebraically rather than exponentially at a = 1, J 4 /J leg = 0.3. This result suggests that a = 1, J 4 /J leg = 0.3 is a critical point of a quantum phase transition.
D. Phase diagram
We estimate a phase boundary by searching for values of J 4 /J leg at which the spin gap ∆ ( In a region where the value of J 4 /J leg is lager than that of the phase boundary, the DMRG method becomes unstable. Hence it remains an open question whether we have a finite spin gap or not in that region.
Conclusion
We have investigated a quantum phase transition for the antiferromagnetic Heisenberg ladder with the cyclic four-spin exchange interaction by using the DMRG method; its interaction constant is denoted by J 4 . The infinite algorithm with open boundary conditions has been used in order to calculate the spin gap, the spin-pair correlation function and the string correlation function. For J 4 = 0, we have not found the gapless region by varying the value of a = J rung /J leg . This result is consistent with the assertion given by Barnes et al. 5 ;
the AFHL has a spin gap for all nonzero interchain interaction. On the other hand in the case of a = 1 and J 4 > 0, we have found that the spin gap vanishes at J 4 /J leg ≃ 0.3. At this point, a larger value of correlation length than the system size is found by assuming exponential decay of the spin-pair correlation function. We have obtained a better fitting by assuming a power-law decay of the spin-pair correlation function. We have found that the string correlation function decays algebraically rather than exponentially at this point.
These results suggest that there is the spin gap for J 4 /J leg < ∼ 0.3 and we have a quantum phase transition at J 4 /J leg ≃ 0.3 when J rung = J leg . This is a contrast to the result that the spin gap remains finite even at phase transition points for the system with a combination of biquadratic terms, which are not related to the cyclic four spin exchange interaction 13 .
We have estimated the phase boundary for the J 4 /J leg − a plane and found that it is 
